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Abstract

In this paper, we give an overview of multigrid methods for two systems of equations, namely the Stokes equations and the
incompressible poroelasticity equations. We emphasize the saddle point type aspect in these two systems and discuss their dis-
cretization on staggered and collocated grids. The basic problem is that of smoothing a system of equations that has a zero (or
almost zero) block in the matrix for one of the unknowns. In particular, we discuss the coupled relaxation approach, with its “box-
wise” and “line-wise” versions and distributive relaxation, that gives a decoupled system of equations for smoothing. For general
systems of equations it is a challenge to design an efficient distributive relaxation scheme. This paper may help in finding one.
© 2007 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We give an overview of efficient multigrid methods for two systems of equations, namely the Stokes equations and
the incompressible poroelasticity equations. We emphasize the saddle point type aspect in the two systems and discuss
solution methods for stable discretizations. Furthermore, we discuss transformations of the systems that allow for the
most rapid solution methods. The paper contributes to the recently increased interest in saddle point type problems [1].

We combine the discussion of the two unrelated systems of equations in one paper, as for the development of
efficient multigrid techniques they show many similarities. At the same time, the differences in the systems may
help a reader setting up efficient methods for a different system. Multigrid methods for computational fluid dynamics
systems, such as the incompressible Navier—Stokes equations, have been described in detail in [40,44-46]. With the
system of poroelasticity equations we have gathered some new insights in the efficient multigrid treatment of saddle
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point type systems, that we would like to report on here. Furthermore, we have compared the efficiency of various
multigrid relaxation techniques and different discretizations for a poroelasticity reference problem.
The stationary Stokes equations represent a linear saddle point PDE system of the following form:

o 5)(3)-(2) -

Here, il = (u, p), with u the velocity components and p the pressure, f is a forcing term, A represents the vector
Laplace operator, and G and D are the linear gradient and divergence operators, respectively.

We include here the time-dependent incompressible system of poroelasticity equations [2] and its efficient numer-
ical treatment. After a semi-discretization in time, this two-dimensional system can also be written as a block 2 x 2
system,

woe[d 82

Here, u = (u, v) is the deformation (in the x- and y-directions), p is the pore pressure, A is the 2D linear elasticity
operator, D is the divergence operator, G is the gradient, and B is a Laplace type operator multiplied by the time
step T, and source term f(x, ).

We deliberately re-use the notation for the unknowns in the Stokes equations, as we will focus on the matrices
appearing and not so much on physical interpretation.

For very small time steps, the size of the lower diagonal block entry in (2) can become arbitrarily small. So, the
system may be viewed as a sort of singularly perturbed system related to

Lpﬁ=|:é g} [;]:1”. 3)

The outline of this paper is as follows. First, a general discussion about multigrid for systems of equations is given in
Subsection 1.1. The continuous systems related to (1) and (2) are briefly described in Subsections 1.2, 1.3, after which
we discuss different stable discretizations of the two systems: On staggered grids in Section 2, a stable transformation
of the systems in Section 3, and on collocated grids in Section 4. These discretizations are accompanied by the corre-
sponding multigrid methods, in which the concepts of coupled and decoupled, distributive relaxation are emphasized.
We restrict ourselves to Cartesian grids in this paper.

1.1. Multigrid for systems of equations

We need efficient iterative multigrid solution methods for solving the discrete counterparts of Egs. (1) and (2):
Lyun = fy,

where L, represent some discretization of one of the continuous operators (later on we distinguish Ly , from L ).
Multigrid methods are motivated by the fact that many iterative methods, especially if they are applied to elliptic
problems, have a smoothing effect on the error between an exact solution and a numerical approximation. A smooth
discrete error can be well represented on a coarser grid, where its approximation is much cheaper. We can distinguish
between algebraic multigrid (AMG) [31,40] and geometric multigrid [5,8,19,44,40]. In algebraic multigrid no infor-
mation is used concerning the grid on which the governing partial differential equations are discretized. In geometric
multigrid, coarse grids are defined based on a given fine grid, and coarse grid corrections are computed from the sys-
tems of equations discretized on the coarse grids. Constructing coarse grids from fine grids by agglomeration of fine
grid cells is easy when the fine grid is structured, but not if the fine grid is unstructured. That is where algebraic multi-
grid becomes useful for the solution of systems of equations. Algebraic methods come, however, with a significant
overhead in complexity and complication, especially for systems. The present paper is about geometric multigrid.
The design of efficient relaxation methods for the multigrid solution of systems of partial differential equations
often requires special attention. The smoother should smooth the error for all unknowns in the equations (that are
possibly of different type) of a system. A multigrid method with a suitable relaxation method can be developed on the
basis of Fourier analysis [37,4,40,44,49]. Whereas Fourier smoothing analysis is feasible for systems of equations, the
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implementation of two-grid analysis is not at all trivial. Available Fourier analysis software [49] is therefore especially
helpful for systems of equations. We will not focus on Fourier analysis in this paper, but on the systems determinant.

A good indication for the appropriate choice of relaxation method for a system of equations can be derived from the
systems’ determinant. If the operators on the main diagonal (or their principal parts) form the determinant, smoothing
is a straightforward matter. In that case, the differential operator that corresponds to the primary unknown in each
equation is the leading operator. Therefore, a simple equation-wise decoupled relaxation method can efficiently be
used. If, however, as is the case for the present systems, the main operators in a system are not in the desired position,
the choice of an efficient smoother needs care. A first obvious choice in the case of strong off-diagonal operators in the
differential system is coupled or collective smoothing: All unknowns in the system at a certain grid point are updated
simultaneously.

Decoupled smoothing, however, is to be preferred for reasons of efficiency and simplicity. It is typically found in the
distributive framework [6,51]. An elegant way to describe distributive relaxation is to introduce a right preconditioner
in the smoothing procedure [50]. This means that we introduce new variables wy, where u;, = Cj,wy,, and consider
the transformed system L;,Cpw;, = f;,, with Cj, chosen in such a way that the resulting operator L C}, is suited for
decoupled (non-collective) relaxation. This step transforms the system in such a way that, preferably, the operators in
the determinant of the original system appear on the main diagonal of the transformed system, ready for decoupled
smoothing.

In detail, the distributive relaxation consists of two steps, the predictor and the corrector. In the predictor step,
a new approximation w” ! to the ‘ghost variable’ w = (Swy,, Sw,, Sw ,,)T is computed,

LyCpdw™ ! =7 )

with residual 7}’ = f;, — L,Cpwj. In the corrector step, the new approximation for # is then added to the present
approximation as

ay =y + supt = i) + Cpow™t. (5)

This is just a matrix-vector product. The implementation is straightforward.
The description below enables one to analyze the smoothing properties of distributive schemes by means of Fourier
analysis.

(1) Transform the system Ljuj; = f, to a “simpler” one by a suitable right-preconditioning with an operator C}, (the

distributor).
(2) Choose a point- or line-wise relaxation process, for each of the equations of the transformed system separately,
of the form
wyt = w + By(f), — LyCrw}") (6)

with Bj, being some approximation of the inverse of L, Cy,.
(3) Reformulate this relaxation scheme in terms of the original operator and unknowns by using u, = Cpwp:

@ = i+ CuBy(f), — Lyit}). )

Additional smoothing difficulties are met, if one of the operators on the systems’ main diagonal after discretization
equals zero or is very close to zero (i.e., with small parameters in front of derivatives). However, also for this situation
different forms of coupled and (distributive) decoupled relaxation methods exist, which smooth the errors in all the
unknowns effectively. The operator Lj;C}, is suited for decoupled relaxation, if Cj, is chosen such that the zero (or
almost zero) blocks disappear in L, C}. For the Stokes and for the poroelasticity equations, distributive relaxation
methods are described in Subsections 2.2.2 and 2.2.3, respectively.

The research underlying these relaxation methods for incompressible flow problems dates basically back to the
late 1970’s and early 1980’s [6,41]. A distributive, decoupled relaxation method for poroelasticity has been recently
introduced in [13].

Coupled and decoupled smoothing approaches have their advantages and disadvantages. If a system of equations
consists of elliptic and of other, non-elliptic, components, decoupled relaxation allows to choose different relaxation
methods for the different operators appearing. However, for general systems of equations it may not be easy to find
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a suitable distributive relaxation scheme. Furthermore, the proper treatment of boundary conditions in distributive
relaxation may not be trivial, as typically the systems’ operator is transformed by the smoother but the boundary
operator is sometimes not considered. A system transformation may also increase the order of the PDEs appearing in
the system, and then the prescription of additional boundary conditions becomes necessary. A significant difference
in cost between coupled and distributive relaxation lies in the line-wise treatment of the unknowns, which may be
necessary in the case of stretched grids. The cost of a coupled line-wise relaxation step is substantially higher than of
a decoupled line-wise relaxation. The latter can be set up as a tri- (or more) diagonal matrix, whereas in the coupled
version all different unknowns at the line need to be updated simultaneously.

1.2. Incompressible Navier—Stokes equations

Here we describe the systems of interest in some more detail. The well-known incompressible Navier—Stokes
equations read:

Du

—=pf -V VZu,

Ds of1 p+uV-u

V.u=0, 8)

where D/Dt is the total derivative, u represents the velocity components in the x-, y- and z-directions, p is the
pressure, p the density,  the viscosity of the fluid, and f is a body force. Often, the stationary 2D dimensionless
form of the incompressible Navier—Stokes equations

—Au + Re(uuy, +vuy) + px = fi,
—Av + Re(uvy +vvy) + py = fo, ®)
uy +vy =0 (10)

is the starting point for the solution of flow problems. Here, Re := U L /v is the Reynolds number, U is a characteristic
velocity (the unit in terms of which # and v are measured), L is a characteristic length (the unit for x and y) and
v = u/p is the kinematic viscosity of the flow.

For Re = 0, we have the special case of the Stokes equations. The Stokes operator reads

—A 0 9,
L= 0 -a o). (11)
% 9 0

The zero block in the third row of the operator hampers a basic numerical treatment of this problem. The determinant
of operator (11) is

det(Ly) = A?,

and it is clear that the off-diagonal blocks contribute to this determinant.

For high Reynolds numbers, occurring in many fluid flow applications, thin boundary layers occur, necessitating
locally refined grids, giving rise to high mesh aspect ratios (10* or even more).

Often, a semi-heuristic turbulence model is used to predict time-averaged flow variables based on a compromise
between accuracy, memory requirements and computing time. More complete models such as large-eddy simulation
and direct numerical simulation of turbulence [12] are time-dependent and can be efficiently implemented with explicit
time-stepping schemes, that do not require multigrid. In these models, however, an elliptic equation for the pressure
appears that can easily be handled by classical scalar multigrid methods. In fact, for time-accurate fluid flow the main
use of multigrid, for example in many engineering codes, is for some form of the elliptic equation for the pressure. It
is, however, possible to benefit more from multigrid, especially for the steady equations, as we will discuss below.

For high Reynolds numbers, the non-linear terms dominate the viscous terms in (8) and the singular perturba-
tion aspect of the system of equations becomes important. Efficient multigrid methods for convection dominating
convection—diffusion operators are not straightforwardly defined, see [7,4,40]. In this paper, however, we do not dis-
cuss this aspect. We focus on the saddle point aspect, and therefore discuss the Stokes equations in detail.

If the equations are discretized by means of standard central differencing with all unknowns at grid vertices, pres-
sure values are directly coupled only between grid points of distance 2A. The same is true if all variables are located
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at the cell centers. A so-called checkerboard instability arises from this straightforward discretization, leading to un-
physical pressure fields. This has given rise to two basically different stable discretization approaches, on a staggered
grid and on a collocated grid. For a discussion of the relative merits of staggered and collocated schemes, see, for
example, [30,47]. The two approaches will be discussed in separate subsections.

1.3. Incompressible poroelasticity equations

The quasi-static Biot model [2] for soil consolidation can be formulated as a system of partial differential equations
for displacements and pressure of the fluid. One assumes the material’s solid structure to be linearly elastic, initially
homogeneous and isotropic, the strains imposed within the material are small. We denote by & = (u, v, p)T the
solution vector, consisting of the displacement vector u = (1, v)’ and pore pressure of the fluid p. The governing
equations read

—MAu—()»+,u)graddivu+agradp:0, X e $2, (12)
0
ag(divu)—EApzf(x,t), 0<1<T, (13)
n

where A and u are the Lamé coefficients; « is the permeability of the porous medium, 7 the viscosity of the fluid, « is
the Biot—Willis constant (set to one here) and A represents the vector Laplace operator. The quantity divu(x, 7) is the
dilatation, i.e. the volume increase rate of the system, a measure of the change in porosity of the soil. Source term
f(x, t) represents a forced fluid extraction or injection process.

We assume homogeneous Dirichlet boundary conditions, u(x, ) =0, p(x,¢) =0, x € 952. The initial state satisfies
divua(x,0)=0,x € 2.

The incompressible 2D variant of Biot’s consolidation model reads

—(A +2W)uxyx — ity — (A + wWvxy + px = 0,
—(A + wWuxy — pvgxy — (A +2p)vyy + py =0, (14)
(ux + Uy)t —a(pxx + pyy) =f

(plus initial and boundary conditions) with a = /1 > 0. We consider a model operator L,

—(A+21)0xx — woyy —(A+ )dyy Ox
L,= — Ot )3y — 1B — (L + 200y dy (15)
ax ay _&(axx + ayy)

L, can be interpreted as a “stationary variant” of (14), i.e. the operator after an implicit (semi-)discretization in time.
For example, in case of Crank—Nicholson time discretization we have a = 0.5at. From (15) one may calculate the
corresponding determinant:

det(Lp) = —pA (G0 +20)A% = A) (16)

with Laplace operator A and biharmonic operator A2. The principal part of det(L p) is A™ with m depending on
the choice of A, i, and a. For physical reasons, we always have u, a, A + 2u > 0, yielding m = 3. The number of
boundary conditions that must accompany L is m [4,40].

Physically, when a load is applied in a poroelasticity problem, the pressure suddenly increases and a boundary
layer appears in the early stages of the time-dependent process. In the case of an unstable discretization, unphysical
oscillations can occur in the first time steps of the solution. After this phase, the solution shows a much smoother
behaviour. The time-dependent operator (15) suffers from stability difficulties. The coefficient in the L?,’3-block in (15)
is typically, depending on the time step, very small. In order to avoid oscillating solutions, the discretization has to be
designed with care.

2. Classical approach: Staggered grid discretization and multigrid treatment

One remedy for the instability in the case of the Stokes and the incompressible poroelasticity equations is to use a
staggered distribution of unknowns [20] instead of a non-staggered one. The three primary unknowns, u, v and p, are
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Fig. 1. Staggered grid location of unknowns for Stokes equations (left picture) and for incompressible poroelasticity equations (right picture).

defined at different positions on the grid. On a staggered grid, discretization employs nearest neighbor central finite
differences.

2.1. Staggered grid discretization

In a staggered arrangement for the incompressible Stokes equations, the discrete pressure unknowns pj, are defined
at cell centers (the x-points), and the discrete values of u;, and vj, are located at the grid cell faces in the o- and e-
points, respectively, see Fig. 1 (left side).

The discrete analog of the continuity equation, u, + vy = 0, is defined in the x-points and the discrete x- and
y-momentum equations are located in the o- and the e-points, respectively. Altogether, the staggered discretization of
the Stokes equations leads to the system

—Ap 0 @In\ [un fi
L puy = ( 0 —A (ay)h> (Uh> = (fz) . (17
@In @yr 0 Dh 0

The determinant of the discrete operator is det(Ly ;) = (Ap)?:

The staggered approach leads to a natural discrete form of the continuity equation on a Cartesian grid: In accordance
with the continuous problem, pressure values are not needed at physical boundaries.

On more general, curvilinear or unstructured grids, accurate staggering is much more complicated, as grid-oriented
velocity components need to be employed. No special measures are required, but the scheme must be formulated
carefully to maintain accuracy on rough grids; see [47].

Also the poroelasticity system has been discretized on a staggered grid to cope with the numerical instabilities
in the time-dependent process. Pressure points in the staggered grid are located at the physical boundary, and the
displacement points are defined at the cell faces, as in poroelasticity applications pressure is often prescribed at the
boundary. Notice further that the “3, 3”-block in the poroelasticity system is not equal to zero.

The divergence operator is naturally approximated by a central discretization of the displacements in a cell. A stag-
gered grid suitable for poroelasticity is therefore slightly different from the one previously discussed, see Fig. 1 (right
side).

The discretization of each equation, centered around the equation’s primary unknown, reads in this case

— (A + 1) (Bxx)n — mAp -+ M)(axy)h (3 )n Up
Ly nhuy= ( —(A + 1) (xy)n —uAp — (A + )@y (dy)n ) (Uh ) =fhn (18)
(3 Oy —alAp/ \pp

with f), = (0,0, f,)7, and the subscripts denote central discrete operators on the staggered grid. The determinant of
the discrete version of (15) is given by

det(Lp p) = —pAn(@(h +2m) A% — Ap), (19)
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Fig. 2. Fine and coarse grid cells and staggered grid unknowns, o: u i point, e: vy point, X: pg point; (a) for Stokes, (b) for poroelasticity.

where the discrete Laplacian and the discrete biharmonic operator are represented by the following stencils

-1 2 -8 2
A 1 2 AN 1
-1 n 2 -8 2
1 h

Stability of this discretization has been proved rigorously in [16].
2.2. Multigrid on staggered grids

In this context, efficient multigrid solvers for the system of equations discretized on staggered grids are necessary.
In multigrid methods for Cartesian staggered grid discretizations one chooses standard geometric grid coarsening, i.e.,
the sequence of coarse grids is obtained by doubling the mesh size in each space direction. An appropriate coarse grid
correction consists of geometric transfer operators Ry 2, Pap.p, and a direct coarse grid discretization (i.e., a coarse
grid analog of Lj).

There is no real benefit in using the Galerkin coarse grid discretization. The Galerkin coarse grid discretization
merely results in a larger stencil here. For real-life poroelasticity problems with jumps in the permeability coefficient «,
however, we may need to reconsider Galerkin coarse grid operators, as they lead to natural coarse grid operators for
problems with discontinuous coefficients.

The transfer operators that act on the different unknowns are dictated by the staggered grid, see Fig. 2. For the
Stokes and poroelasticity equations, the transfer operators are very similar: At u- and v-grid points one considers
6-point restrictions and at p-grid points a 4-point cell-centered restriction for Stokes and a 9-point vertex-centered
full-weighting restriction for poroelasticity. In stencil notation the restriction operators for poroelasticity are given by

S 1 1 LAl I 2 1 b oAl 21
Rjy on = 3 2 % 2|, Ry = 3 * v Ry = 16 204 20, @n
1 14, 12 14, 12 1],

respectively. The restriction operator for u in the staggered Stokes case resembles the operator for v in poroelasticity
and vice versa. As the prolongation operators quh/ l;l/ P one applies the usual interpolation operators based on bilinear
interpolation of neighboring coarse grid unknowns in the staggered grid.

The interesting multigrid aspect lies in the choice of relaxation method.

2.2.1. Coupled relaxation
Coupled smoothing on staggered grids basically comes in two forms. In one version, three primary unknowns in
the staggered arrangement are smoothed and updated simultaneously. In the second version of coupled smoothing, the
divergence operator in the third equation in (17) and (18) is taken into account in a more sophisticated way.
Straightforward generalization of coupled smoothing with unknowns in a staggered grid arrangement is to relax
triads of three unknowns, u; ;,v; ; and p; ;, simultaneously. Fig. 3(a) shows a triad for the Stokes equations; Fig. 3(c)
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Fig. 3. Coupled relaxation: (a) triad-wise for Stokes, (b) box-wise for Stokes, (c) triad-wise for poroelasticity, (d) box-wise for poroelasticity; x
ph, [e] I,{h, [ l)h.

for poroelasticity. In the “triad-wise” variant, a small 3 x 3-matrix must be solved, for all triads in the staggered grid.
However, it is reported in [41] that the triad smoother is not satisfactory for Stokes equations. A better alternative is a
coupled smoother, that locally updates all unknowns appearing in the divergence operator in the third equation simul-
taneously. In practice, this means that instead of the three unknowns in a triad, five unknowns (pressure p; ;, 2 times
up- and vy-unknowns, u; j,ui41,;j, Vi j, Vi, j+1, centered around a pressure point) should be relaxed simultaneously.
This “box-wise” smoothing is shown in Fig. 3(b) for the Stokes equations, and in Fig. 3(d) for poroelasticity. A small
5 x 5-matrix must be inverted for each box. It is convenient to consider the correction equations

+1 o\
ail aip a3 ai4 ais Sui; \" i
a| ap a3 44 25 Sv; iy
1
as| a2 az3 44 a3s Sujt1,j =7 | (22)
a41 A4 A43 G44 445 OV, j+1 ri2j+1
as| asp d4s3 454 455 8pi,j 3
irj
where 6u’"+1 u” mtl —u i and (r )’” represents the residual of equation / (I = 1, 2, 3) of the system corresponding
to node (l 7). Afterwards the correctlon is added to the current approximation, possibly with a relaxation parameter,
a ! =u +w8um+l.

[2¥)

Coefficient as s is zero for the staggered Stokes discretization and it is a very small entry for the poroelasticity system.
During the elimination process as s is replaced by larger elements, though. In the correction equation setting, it may
be possible to discard certain elements in (22), for example, the elements a2, a2, related to the mixed derivatives.
For the incompressible Navier—Stokes equations, the box-wise relaxation method is called the “Vanka smoother” after
the author of the first paper [41]. In one iteration all displacement unknowns are updated twice, whereas pressure
unknowns are updated once.

The boxes can be processed in different orderings. An obvious choice for box numbering is the lexicographic
Gauss—Seidel ordering, but also the red-black Gauss—Seidel ordering may be chosen. For the Stokes equations both
numbering choices are perfectly fine. However, for incompressible Navier—Stokes flow problems at high Reynolds
numbers, the processing order of the boxes in the coupled relaxation should also take the convection aspect in the
momentum equations into consideration, as all equations are relaxed simultaneously. In that case, a lexicographical
ordering of boxes, in alternating directions, is often to be preferred.

The relaxation can be performed in box-wise or in a line-wise fashion if grid anisotropies occur in a problem.
Zebra or lexicographic line Gauss—Seidel ordering is then appropriate. It has been used in the CFD context in [25,39].
For each line a block tridiagonal matrix has to be inverted. Fig. 4(a) presents the line-wise variant of this coupled
smoothing process for the Stokes equations, and Fig. 4(b) for the poroelasticity equations. In [26,13] multigrid has
also been used for staggered poroelasticity, based on coupled smoothing. The cost of a coupled line-wise iteration is,
however, substantial.

2.2.2. Distributive relaxation, Stokes equations

Whereas box relaxation is clearly of collective type, so-called distributive relaxation has been proposed in the
literature about decoupled relaxation schemes. For a theoretical description and corresponding analysis, we refer
to [50,51].
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Fig. 4. x-Line-box-wise coupled relaxation: (a) for the Stokes equations, (b) for poroelasticity, x: pp, o up, e: vj.

For the Stokes and incompressible Navier—Stokes equations, the first relaxation method of distributive type was
introduced in the late seventies by Brandt and Dinar [6]. The smoother was called distributive Gauss—Seidel, DGS. In
matrix form it can be represented by the preconditioner

In 0 —(3x)n
Ch={0 I —@@n|- (23)
0 0 —Ay,
The corrections are obtained by a standard lexicographic Gauss—Seidel type relaxation with respect to the operator
—Ap 0 0
L,,Cy= ( 0 —Ay 0 ) . 24)
@)n By —Ap

For DGS, the Fourier smoothing analysis can be performed in terms of the product operator L ,Cp. Here, the
smoothing properties only depend on the diagonal terms Aj. The DGS smoothing factor u equals that of point-
wise lexicographic Gauss—Seidel smoothing for L , Cj, and thus is equal to u(—Aj) = 0.5 [6]. A detailed two-grid
analysis can be found in [24], where also stretched grids are included in the discussion.

2.2.2.1. Pressure correction relaxation. The SIMPLE algorithm [28] (Semi-Implicit Method for Pressure-Linked
equations) is another example of a distributive scheme. It belongs to the class of the so-called pressure correction
schemes, which have been used as smoothers for example, in [33]. For Stokes equations, they are obtained by using a
distributor of the form

L 0 —A @on
Ch=|0 1, —A; '@ (25)
0 0 I

with —A, being an approximation of —Aj,. A suitably chosen relaxation scheme is then employed for the resulting
product system L, C}, (e.g. line Gauss—Seidel successively for velocity and pressure). Notice that this C;, does not
lead to a fully decoupled system L, C},.

Smoothing analysis results for pressure correction schemes are available in [33]. The resulting smoothing factor is
w = 0.6 for Stokes equations. In [3], the pressure correction smoothers are, however, not recommended as smoothers
for the stationary incompressible Navier—Stokes equations.

2.2.2.2. Discussion. Box relaxation and DGS work equally well for low Reynolds numbers. Box relaxation is, how-
ever, somewhat more expensive than DGS. For higher Reynolds numbers, different distributive schemes for smoothing
L;Cj, are at hand. One can choose for line-wise Gauss—Seidel relaxation, or for ILU-type smoothing [52], that
makes this smoother certainly more robust. It is even possible to choose for flow following or alternating line-wise
smoothing for the convection—diffusion part for the incompressible Navier—Stokes equations. Throughout the liter-
ature, especially in the description of multigrid for Stokes and incompressible Navier—Stokes equations, one of the
two approaches mentioned above has typically been adopted. However, it does not become clear in the papers which
relaxation method is to be preferred. In [35], a coupled smoother is compared with distributive smoothers for an in-
compressible flow problem. It is stated that the coupled smoother is preferable, especially for convection dominated
flows. In [36], a distributive smoother is evaluated together with box- and line-wise versions of the coupled smoother.
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The coupled smoother comes out best, but in [27] it is concluded that for stratified flow a distributive smoother is to
be preferred. An overview paper with many references for these smoothers in computational fluid dynamics problems
is [46]. In general, we argue that on the basis of an analysis of the Lj Cj-system, possibly in combination with special
relaxations at domain boundaries, distributive relaxation should be preferred.

2.2.3. Distributive relaxation, poroelasticity equations

Here, we consider decoupled relaxation for the system of incompressible poroelasticity equations discretized on
the staggered grid, see also [13,48]. In order to relax L, ,u, = f,, a new variable wy, defined by u; = C,w), was in-
troduced and system L, ,C,wy = f, has been considered in smoothing. The resulting system is suited for decoupled
smoothing, i.e., each equation can be treated separately. The distributor reads [48]

Iy 0 —(@)n

Cp= ( 0 Iy —(9y)n ) (26)
A+ w)@)n A+w)@)r —(A+21)Ap

with identity 7. Then, the system reads

—nAp 0 0
L,,C,= 0 —ulAyp 0 with 27
( eyt LCyr a4 2u)Al — Ah)
LC;' = @n — @0+ 1) (@xx)n + Bxyyn) (28)
LCy? = @y)n — @0+ 1) (eey)n + By i) (29)
where the discrete operators with third derivatives read (in stencil notation),

1
(axxx)h é ﬁ

N 1 -2 1
(8xxy)h = ﬁ |: * :| .
-1 2 =14,

The other discrete operators are given by analogous stencils. Notice that the diagonal elements of the triangular
L, ;C}, are factors of det(L, ;), which is a highly desirable feature. Equation-wise smoothing for (27) is now an
option, starting with the first equation in the system, etc.

The first two equations in (4) can be smoothed with an efficient smoother for the Laplace operator. This is typically
the well-known red-black Gauss—Seidel relaxation (in 2D and 3D) [37,40], which is efficiently parallelizable.

The challenging task here is to find a highly efficient smoother for the third equation in (4),

(@ + 21 A}, — Ap)Swp =r3 (30)

[—1 3 %« =3 1],,

(with r3 ; composed of the terms LC/SI’1 , LCZ’2 and f).

There are several ways of smoothing the operator in (30). Good smoothing factors are obtained with an overrelax-
ation parameter w in red-black Jacobi point relaxation, as shown in [13].

A different approach for the third equation, that avoids smoothing directly for a biharmonic operator is found by
splitting the operator in the third equation, as follows

—Angn =713, (—a+2m) A + In)dw, = gn €29

with an extra slack variable gj, and discrete identity ;. This way, we deal with simple operators of Laplace-type
for smoothing. The two operators in (31) can be smoothed again with red-black Gauss—Seidel iteration, but also
with line-wise Gauss—Seidel relaxation methods. Of course, line-wise relaxation methods are mainly applicable on
structured grids, as we have them here in our applications. Alternatives for line-wise relaxation, that are also useful
for unstructured grid applications, are found in the incomplete ILU decomposition based smoothers [52].

The distributive relaxation is designed such that its performance should be independent of problem parameters,
like the Lamé coefficients or the time step. The multigrid scheme works very well, with convergence factors less than
0.2 for a wide range of problem parameters [13,48]. In fact, we have shown in [13] that distributive relaxation, with
line-wise smoothing for the resulting scalar equations, gives robust and fast multigrid convergence for a variety of
problems. It is more robust than coupled relaxation, especially when very small time steps are involved.
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3. Transformed system of equations and multigrid treatment

It is possible to reformulate the systems under consideration in such a way that standard collective relaxations
become appropriate for second order accurate central discretizations. The applicability of these reformulations is
typically limited to certain classes of problems, like problems with constant problem coefficients, sufficiently smooth
solutions, etc., because they are based on operator manipulations that hold for constant parameters. An interesting
aspect is that the transformed systems can be discretized on a collocated grid in a straightforward way, since a stable
discretization results. This is explained below.

An obvious question leading to the transformed systems of equations is the following: If a transformation of
the form L, C}, (4) gives an operator that can be relaxed well, why not solve for this right-preconditioned system
rather than only apply relaxation? Especially if the transformation leads to (almost) decoupled systems this may be
an interesting alternative. The strategy followed here is that we will first transform a system and then discretize (so
subscript & refers to discretization of LC then).

A difficulty when solving LCw = f may arise at the boundaries, due to the transformation of u to w, since the
boundary conditions must be changed accordingly. This can be avoided by adopting a left-preconditioner instead. The
iterative solution procedure for the transformed system of equations can then be interpreted as a left distributor for

CLi=Cf.

Notice that also the preconditioning method proposed by Elman, Wathen and Silvester, see, for example, [11] falls
into these categories of left- and right-preconditioning. An automated approach for transforming systems of equations
in order to obtain new formulations that are more accessible to numerical solution is described in [18].

3.1. Transformed Stokes and Navier—Stokes equations

3.1.1. SIMPLE

A well-known classical solver for the incompressible Navier—-Stokes equations is the so-called SIMPLE algo-
rithm [28]. As mentioned before, this is a right-preconditioned system. The SIMPLE and related algorithms are
iterative solvers, which treat the momentum equations and a “pressure equation” separately in an “outer” iteration.
Within this iteration, the pressure is updated using a Poisson-type equation. For such single grid codes with an outer it-
eration, it is possible to replace the most time-consuming component of the solver, i.e. the solution of the Poisson-like
equation for the pressure, by an efficient multigrid solver. Although this approach does reduce the computing times,
the overall convergence will be unchanged since the outer SIMPLE iteration is not accelerated, and the resulting sys-
tem is not decoupled. On the other hand, the SIMPLE approach allows a relatively straightforward numerical solution
of more general and complicated systems than the Navier—Stokes equations. It is, for example, relatively easy to add
turbulence equations in the SIMPLE framework.

3.1.2. Streamfunction—vorticity

Another possibility to reformulate the incompressible Navier—Stokes equations, particularly suited in 2D, is the
so-called streamfunction—vorticity formulation. Here, the unknowns to be solved for are the vorticity, ® = V x u, and
the streamfunction, ¥, where u = 0¥/dy, v = —9W¥/dx. In this formulation, the solution of the system reduces to the
solution of two Poisson-like equations for the streamfunction and the vorticity, respectively. Multigrid methods have
been developed which are appropriate even for high Reynolds numbers (see, for example, [17]). In 3D, however, this
approach becomes more complicated and looses its attractive features, as it requires the determination of 6 unknown
functions (three components of the vorticity and of the velocity).

3.1.3. Efficient transformation

As an example of a transformation into a system that can efficiently be solved, we consider the following reformu-
lation of the Stokes system. An interesting aspect is that it is not necessary to discretize on a staggered grid for a stable
discretization, because the equations of the transformed system are decoupled and one can apply standard schemes to
obtain M-matrices. For simplicity, we consider a Stokes problem with homogeneous Dirichlet boundary conditions:

(S): —Au+Gp=f ing,
Du=0 in§£2.
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Using the identities
DG=A, DA=AD, (32)

it is easy to verify that problem (S) is equivalent to the following transformed problem (assuming sufficient regularity
of the solution)

Y —Au+Gp=f ing,
Ap=Df in$2,
Du=0 onas2.

If we now consider a collocated placement for the unknowns and central second order discretizations to approximate
the operators G and D the following discrete problems are obtained respectively

—Ap 0 (0x)n =Ap 0 (@
(Sn): < 0 —Ap (3y)h) , (Sh): ( 0 —A (3y)h) .
@)n (BOy)n 0 0 0 —Ap

Notice that the collocated grid provides us an unstable discretization if it is used for the original problem (S), but a
stable solution after discretization of the transformed problem (S'). The reason is that the discrete operators do not
satisfy (32), in particular equality D, G, = A, is not verified on a collocated grid. Whereas the discrete operators
defined on the staggered grids indeed satisfy (32), the corresponding discrete operators on the collocated grid are not
mimetic [21,22], see also [43], i.e., they do not mimic the differential operators well enough. Therefore, the collocated
grid discretization can be stable for problem (S*), but unstable for an equivalent continuous problem (S).

The operators to be inverted for the discrete transformed system above are scalar Laplace type operators, for
which geometric multigrid methods for scalar equations converge extremely well. In particular, multigrid method with
highest efficiency, based on a red-black point-wise Gauss—Seidel smoother, and well-known choices for the remaining
multigrid components [40] can be used. These include the direct coarse grid discretization of the transformed system
of equations, full weighting and bilinear interpolation, as the restriction and prolongation operators, respectively.

An equivalent incompressible Navier—Stokes transformation is defined as follows: Assume that §2 is a bounded
domain in R? and that velocities u, v and pressure p are sufficiently smooth. Then the system

— Au+Re(vuy —uvy) +p, =0 (£2),
— Av+Re(uvy —vuy) + py =0 (£2),
Ap + 2Re(vyuy — uxvy) =0 (£2),
Uy +vy =0 (052),

is equivalent to the original system (9). Two boundary conditions are necessary for the solution of the original equa-
tions. The new system requires three, one of them being the continuity equation on the boundary. The generalization
to 3D is trivial. This transformation has been proposed in [32], and has recently been evaluated in [38]. Notice that
the original primary unknowns are used after the transformation.

A good smoothing algorithm for the resulting discrete problem can be found easily: The principal part of each
difference equation is characterized by the Ap-operator. The three equations are coupled by lower order terms. So,
a standard collective point relaxation is suitable, which updates the three variables uj, vy and pj, simultaneously by
the solution of a 3 x 3 systems in every grid point. On a square grid the corresponding collective lexicographical
Gauss—Seidel relaxation gives smoothing factors of © = 0.5 for the Stokes problem. As the discretization takes place
on a collocated grid, the other multigrid components related to the coarse grid correction are essentially basic.

3.2. Transformed system of poroelasticity equations

Here, we propose a poroelasticity system transformation CL ,u = C f, that enables the use of the most efficient
(scalar) multigrid methods for iterative solution. We have found in [14] that this approach is more efficient than the
staggered or the collocated multigrid treatment of the complete system of equations. However, the system transforma-
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tion presented may not be easily performed in the case of heterogeneous media, in which coefficients are not constant.
With

I 0 (A4 )0y
C=< 0o I O+ 1)y ) (33)

—3, -0, —(A+2wA

we obtain
—uA 0 Lct3
PHY CL,= ( 0 —uA LC?3 ) ,
0 0  a+2u)A?—A

with L3 and LC*3 continuous versions of the LC>!- and LC32-terms in (28), (29), and
A+ oy f
cf= 0+wa s |.
(A +2wAf

Here, a semi-discretization in time has already taken place, as in operator (15). Discrete operator (P{l) represents the
discretization on a collocated grid.

We end up with an upper triangular discrete system. In a first step then, the last equation should be updated after
which the other two equations may be treated. Operator a (A + ZM)Afl — Ay, is split into

(—a(+ 20 A + In)an = fa, —Anpph = qn,

so that we only deal with Laplace type operators.

We describe this algebraic transformation more concretely in vector notation for problem (12), (13). Firstly, apply-
ing the divergence operator to (12) and the operator (A +2x)A to (13), adding the resulting equations and taking into
account the equality —(A + 2u)Adiv = div(—pA — (A + ) graddiv), we obtain

0 K
—Aa—’: + O 2#);A2p — —(A+2WAS.

Secondly, by applying operator (A + w) grad to (13) and by adding the resulting equation to (12) we get

~ ou 0 K

_MAE + grad 8—]; -+ M); grad Ap = (A + p) grad f.
With the new variables ¢ = —Ap and v = 9—‘,‘ we obtain the following transformed system:

~ ap K
— AV + grad P + O+ ,u); gradg = (A + ) grad f, (34)
q+Ap=0, (35
aq K
3¢~ 200 A0 = —G. - NS, (36)
v=0, p=0, divv+og=f ondQ, 37)

n

plus initial conditions.

Note that problem (34)—(37) is coupled over the boundary of the domain. Let us consider a semi-discretization in
time with time step t. Assuming that v"", p™ and ¢™ at time point m are known, the following iterative scheme is
proposed:

(1) Solve

m+1

(1) — A+ 25 A" = —(o+ 2 Af™ ! in 2,

divv™ + %q’”“ =™t ondg.
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(2) Solve

—Ap"tl =g in @,
p"tl=0 ondg.

(3) Solve

m+1__

{ — AV = grad((h + ) f1! = B2 — o+ ) Egm ) in 2,

vt =0 ondg.

This is as in (P*). Notice that the boundary condition in step (1) is lagging behind one time step. Without additional
iteration the scheme will be only of O(z).

Interesting aspects of this decoupled system are that stable numerical solutions are obtained on a standard collo-
cated grid. Secondly, the operators to be inverted in the algorithm above are again only scalar Laplace type operators,
for which we can simply choose four times a highly efficient scalar multigrid algorithm that works well for discrete
Laplace type operators. Well-known choices for the multigrid components [40] can be used for all choices of A, u,
and a. In accordance with classical multigrid theory, we observe multigrid convergence factors that are less than 0.1
for a variety of poroelastic problems. In the literature this is often called “textbook multigrid efficiency”. Very sat-
isfactory solution times have been obtained, that are about 10 times faster than the iterative solution of the coupled
system, discretized on a staggered grid.

The relation between the original and transformed systems and their discrete counterparts suggests us a way to
obtain stable schemes on collocated grids for the original problem, if we need to deal with the full system. First of all,
we transform the continuous problem, then we discretize this transformed problem, and finally we derive a “perturbed
discrete variant” of the original problem, based on these transformations. This insight was used to obtain a stable
discrete scheme for the poroelasticity equations in the 1D case, see [14]. In fact, there the discrete perturbed problem
and the discrete transformed problem were equivalent, and it can be seen that an added perturbation term was the
optimal choice with respect to both accuracy and stability. In 2D and 3D, or in the case of varying coefficients, it
is difficult to find a perturbation term that is identical to an equivalent discretization of a transformed problem. But
anyway, this insight can be useful to find stable schemes on collocated grids. The stabilizing term in Subsection 4.2
originates from these considerations.

4. Collocated grids

For several industrial problems it is desirable to work with the original system of equations, where, preferably, dis-
cretization can take place on a non-staggered grid. Non-staggered discretizations are more convenient in connection
with general non-uniform, non-orthogonal curvilinear or unstructured grids. However, stabilization measures are re-
quired. With a collocated (i.e., non-staggered) placement, Cartesian components for the unknowns can be used, instead
of the grid-oriented ones in the case of staggered grids. A detailed discussion on the advantages and disadvantages of
staggered and non-staggered grids on curvilinear grids can, for example, be found in [30].

The choice of staggered or non-staggered discretization depends on the application at hand. As long as one is deal-
ing with rather simple geometries and orthogonal grids, the staggered discretization is superior to the non-staggered
one. However, real life applications are often defined by complicated geometries.

4.1. Artificial pressure terms

In order to rule out spurious pressure modes, usually the continuity equation is perturbed by terms involving
pressure:

diva+¢p =0, (38)
divu —eAp =0, 39)
divu+¢d;p =0, (40)

divu — 9, Ap =0, (41)
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where the parameter ¢ is taken as 2% or t®. Approach (38) corresponds to the classical penalty method, stabiliza-
tion (40) to the compressibility method and it is related to the projection method of Chorin [9] and (41), which also
corresponds to a compressibility method [34], and can be interpreted as the popular Van Kan’s method [42]. Approach
(39) was especially derived with the purpose of stabilizing the pressure oscillations. It is most widespread in engineer-
ing practice. The Pressure-Weighted Interpolation method (PWI) of [29], or a Roe-type flux difference splitting [10]
falls into this category. Stabilization for collocated discretizations can thus be achieved by adding an artificial elliptic
pressure term to the continuity equation of the following form (¢ = h%€):

—Ap 0 Ox.h
L;(e)= ( 0 —Ay Oy, h ) 42)

ax,h ay,h _gthh
The stabilizing terms replace the zero block. For i — 0, the artificial pressure term tends to 0. Since this term is
proportional to 42, second order accuracy is maintained if all other terms in the system are discretized with second
order accuracy. For Stokes equations and for low Reynolds numbers, central second order discretizations can be
employed in a straightforward way when using the artificial pressure term.

The addition of an artificial pressure term is implicitly also used in other Stokes or Navier—Stokes discretizations.
For instance, the SIMPLE method for non-staggered grid discretizations as discussed in [12] can be seen to implicitly
solve a discrete continuity equation augmented by an artificial pressure term of the form (42) with € = 1/8. In the
flux-difference splitting of [10], a stabilizing pressure term is introduced in the discrete continuity equation in a natural
way. This scheme leads to a so-called vector-positive discretization. It makes Gauss—Seidel type relaxation possible in
a collective or a decoupled formulation. Also in the framework of (stabilized) finite element approximations, artificial
pressure terms are quite common.

We obtain

det(Ly(8)) = —ARER* AR Ay — Aop), (43)

with Ay, denoting the Laplacian discretized on a grid with mesh size 2/. Parameter € has to be chosen sufficiently
small to maintain a good accuracy but also sufficiently large so that the discrete system presents stable solutions;
€ = 1/16 [23], for example, turns out to be a reasonable choice in practice, with respect to both accuracy and stability.
The stability is satisfactory for € > 1/16.

4.2. Collocated poroelasticity discretization

We deal with the incompressible poroelasticity equations, in which a stabilization term ¢dAp /ot [15], with ¢ =
h2 4\ + 2p) is added:

—u&u — (A4 ) graddiva + grad p =0, 44)
0 d
2 (diva) = SAp—eZAp = fx, 1) (45)
dt n at

It needs to be supplied by an initial pressure p(x, 0) = 0.

This problem, i.e., the original system of equations in which a stabilization term is added, can be discretized on a
collocated grid with central differences.

We approximate the elasticity part, —uA — (A + ) grad div, by the difference operator

A A
Ap = ( 1 12)7 Al =—uly _()L'i‘ﬂ)ah,xx,
Ay Ax

At
hz

1 -1
App=Ay =— |: * :| v An=—pApy — (A + 1)op,yy, (46)
h

-1 1

where the usual five-point stencil approximation of the Laplace operator is used. To approximate the coupling terms,
grad p and divu, we also use second order central difference approximations.

After the spatial approximation of (44), (45) we arrive at a Cauchy problem for the system of differential-difference
equations
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Apup 4+ Gppp =0, @7
d D i A X A fr(x, 1) (48)
— wy,— — - — = fr(x, 1),

dt hUp 4()\. +2M) hPh 0 hPh h

with initial conditions Dpuy (0) =0, —Ap, p, (0) = 0. We construct a simple difference scheme in time for the approx-
imation of the solution of the Cauchy problem. We use a uniform grid for time discretization with step-size T > 0,
with @} () = ), (X, t,), the implicit Euler scheme reads

At 4 Gyttt =0, “49)

Dh“ZHl - Dhu;ln h? AhpZH_l B AhPZl K m+1 _ rm+1
_ L py = g, (50)
T 40 +2p) T n

where the initial condition Dhu2 has already been incorporated. Other discretizations can be obtained if, for example,
two-level weighted schemes are used for time stepping. Stability and second order accuracy of this discretization are
shown in [15]. There it has also been shown that a stabilization ed Ap/dt with & = h2/4, so without the term A + 2y,
does not bring discrete solutions with satisfactorily accuracy.

4.3. Relaxation on collocated grids

When discretizing the Stokes or the poroelasticity equations with standard second order discretizations and the
artificial pressure term as discussed in Subsections 4.1, 4.2 the development of efficient relaxation schemes is not
straightforward. Fourier smoothing analysis shows that the smoothing factors of standard collective point relaxations
are not satisfactory. One possibility to overcome this problem is to extend the idea of box relaxation, which has proved
to be a suitable smoother in the case of staggered discretizations, to the non-staggered case [23].

In Cartesian coordinates, box relaxation is defined essentially in the same way as in the staggered case, except that
the side lengths of the boxes are now twice as large (see left side of Fig. 5). For each box, again a 5 x 5 system is
solved, using the respective 4 momentum equations along the edges and the continuity equation in the center of the
box.

As in the staggered case, box relaxation should be replaced by a corresponding box-line version, if significant
anisotropies occur. For example, in the case of box x-line relaxation, this means that all unknowns marked in
Fig. 5(right picture) are updated collectively. For each line then a block tridiagonal matrix has to be inverted.

The smoothing factor, w, of lexicographic box relaxation for the Stokes operator on a non-staggered grid with
€ = 1/16 is u = 0.63 [23]. For box-line relaxation one obtains u = 0.56. Using underrelaxation for the pressure,
these smoothing factors can be improved to values below 0.5 [23].

In [15] an efficient multigrid method is constructed for consolidation type poroelasticity problems on Cartesian
grids. This is done on the basis of box relaxation; its robust variant being the alternating box-line relaxation. It has
been shown that box-line relaxation is robust for a wide range of values of the Lamé coefficients, if some form of
overrelaxation is employed. Even for realistic poroelasticity problems with extremely small time steps and Lamé
coefficients defined so that the Poisson ratio is close to 0.5 (the incompressible limit), box line relaxation provides
satisfactory multigrid convergence. So, box relaxation is also of importance for multigrid efficiency on collocated
grids. The resulting efficiency is of the same order as observed with staggered grids and coupled relaxation.

Although the distributive relaxation schemes have originally been developed for discretizations on staggered grids,
as described in Subsections 2.2.2, 2.2.3, these schemes can also be used on non-staggered grids. However, here it

Vii+
Vi
h
Wi—1 iPij [Wit1j h
Vi
v

t,J—

Fig. 5. Left: Five unknowns centered around a pressure point updated simultaneously; Right: Unknowns updated simultaneously by box x-line
relaxation.
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should be noted that the discrete operators on the collocated grids do not satisfy the important relation D, Gj, = Ay,.
This may have a negative impact on the smoothing properties of distributive relaxation in the case of collocated grids.

5. Conclusions

In this paper we have given an overview of multigrid methods for saddle point type problems originating from the
Stokes equations and the incompressible poroelasticity equations. We have emphasized that both systems of equations
exhibit similar features with respect to their multigrid treatment. The choice of multigrid method depends strongly
on the type of discretization and the problem formulation employed: Departing from the classical treatment of these
problems on staggered grids, where the development of efficient relaxation methods appears to be the main issue, we
reached stable discretizations on collocated grids via the systems transformation approach. Coupled and decoupled
distributive relaxation methods are described in detail. If one is able to apply a systems’ transformation that leads
to an “almost” decoupled transformed system of equations, the most efficient scalar multigrid methods can be used
at the highest efficiency. The development of an efficient distributive relaxation scheme comes second best. Coupled
relaxation is a very satisfactory alternative, that can be made “blackbox” for certain problem classes. For poroelasticity
on staggered grids, coupled relaxation was not fully robust, especially not regarding the choice of the time step,
whereas distributive relaxation on the staggered grid was robust for all values of the problem parameters. On the
collocated grid, the box line relaxation performed best.
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